Abstract. This paper is concerned with the existence problem of an equilibrium state for permanent multivalued systems. It is proved that the permanence of multivalued systems implies the existence of an equilibrium state by using the approximating technique of set-valued maps and asymptotic fixed point theory.
x[ = xifi{x), i = 1,2, , n,
on the positive cone Rn+ = {x = (.x,, x2, ... , xn) : xt > 0, for i -1,2, ... , n} (see [1, 2, 5, [7] [8] [9] [10] [11] [12] [13] ). Here system (1) is said to be permanent if there exist m, M e (0, oo) such that, given x € inti?" , there is a t such that m < xt(t) < M, i -1, 2, ... , n, t > tx.
From a biological point of view, it is reasonable to expect that, if permanence holds, there will be a stationary coexistence state in int Rn+ . For this problem, an affirmative answer was given by Hofbauer and Sigmund [8] , Hutson [10] , and Hutson and Moran For a system of differential inclusion
where the F('s are set-valued maps, does the permanence of the system imply the existence of an equilibrium state?
In the present paper, we shall give a positive answer for the above problem. Because in general we do not know whether the Poincare map of solutions to system (2) is convex set valued, a direct application of Hutson's method seems to be very difficult. To overcome this difficulty, we treat Eq. (2) as an approximate ordinary differential equation, utilizing the technique of Zaremba [16] . Afunction g: Rm -► K(Rn) is said to be upper semicontinuous (u.s.c.) at p G Rm , if for each e > 0 there exists a 8 > 0 such that fi(g{q), g(p)) < £ whenever q G Rm , \q -p\ < 5 . g is u.s.c. on Rm if it is u.s.c. at each point of R'" . We say g is continuous, if it is continuous as a map into K(R").
A function x: [a, b] -> Rn is said to be a solution of system (2), if it is absolutely continuous and satisfies (2) almost everywhere on [a,b] .
If x(t) is a solution of system (2) defined on R and for some constant co > 0, x{t + co) = x(t), for t e R, then x{t) is said to be an w-periodic solution of system (2).
The following lemmas are vital to our discussions.
Lemma 1 (Zaremba, [16] ). 3. Main result. We shall prove the following.
Theorem. Let F: R" -> Kv(Rn) be u.s.c. If system (2) is permanent, then an equilibrium state of (2) exists on int/?" , i.e., there exists an x* e int/?" such that 0 eF{x*).
Proof. Since system (2) is permanent, there exist constants m0 , M > 0 such that for each x0 e int/?" there exists a tx e R+ such that each solution x(t) of the Cauchy problem x'eF(x), x(0) = x0 (4) satisfies "IqKx^kM, i = 1, 2, , n, t>tXQ.
By the finite covering theorem, (5), and Lemma 4, there exist constants L, T > 0 such that for x0 € Rn with mQ < x0 < M each solution x(t) of (4) satisfies
For each r, 5 > 1, set Dr -{x e R": \xt\ < L + r}, Ss r -{x e R"+ : m0( 1 -l/sr) < Xj < M + l/sr}. Applying Lemma 1, we get a sequence {Fk{x)} of continuous functions from D2 to Rn with properties (i)-(iii) in Lemma 1, where D = R+ x D2 and F(t, x) = F(x). By virtue of Lemma 3, there exists a sequence {fk{x)} of continuous functions such that fk{x) e Fk(x) for x 6 D2, k = 1, 2,
Hence by (6) and Lemma 4, for large k , each solution x(t) of the Cauchy problem
Particularly by (7) Hence by (9) and (12) there exists a yk e Ss 3 such that o = fk(yk).
Note that fk{x) e Fk(x) for xeD,. Therefore, (13) implies o €Fk(yk)-,
i.e., yk is an equilibrium solution of x e Fk(x). Then by Lemma 2, there exists an x* e S 3 such that 0 e F(x*). The same argument as above implies that there is an x* e Rn with mQ < x* < M, i = \, 2, , n, such that 0 e F(x*); i.e., x* an equilibrium state of (2). The proof is complete.
